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exametrika: Test Data Engineering with R
by Koji Kosugi and Kojiro Shojima

Abstract The exametrika package implements statistical models for test data engineering proposed
by Shojima (2022), providing a comprehensive framework for analyzing educational test data. The
package offers eleven models organized into three categories: classical test theory methods (CTT, IRT),
latent structure models (latent class analysis, latent rank analysis, biclustering, and Ranklustering),
and advanced network models (Bayesian network model, locally dependent LRA, locally dependent
biclustering, bicluster network model, and deep bicluster network model). This paper focuses on latent
structure models, including latent class analysis, latent rank analysis, biclustering, and Ranklustering,
which combines rank-based ordering with clustering. For advanced network models, we demonstrate
the application of Bayesian network models to test data. These models are designed to capture
complex structures inherent in test data and deepen understanding of examinee abilities and item
characteristics. The package employs EM algorithms for efficient and accurate parameter estimation.
Through detailed explanations of theoretical backgrounds, implementation methods, and practical
applications to educational test data, we demonstrate the utility of the diverse analytical approaches
provided by the exametrika package.

1 Introduction

Educational testing plays a crucial role in contemporary society, with significant social implications.
In Japan, for instance, the National Center Test for University Admissions is taken by nearly 500,000
examinees annually, serving as a critical gateway to higher education. Standardized tests are employed
across various domains: in schools, they measure educational effectiveness and student progress; in
corporate settings, they assess candidate qualifications for employment; in professional certification
programs, they validate specialized knowledge and skills; and in educational research, they provide
data for evaluating teaching methodologies. The impact of these test results extends beyond scores,
influencing educational policies, career opportunities, and professional development. This underscores
the importance of developing robust and meaningful testing methodologies.

Test theory has evolved from classical test theory to modern approaches as a scientific discipline.
Item response theory (IRT) has enabled detailed estimation of item characteristics and examinee
abilities. While IRT provides valuable precision for many psychometric applications, this level of detail
raises questions about practical significance in certain educational contexts. For example, although IRT
can estimate ability parameters with high precision, the practical relevance of minute score differences
(e.g., 0.01 point changes) may be limited for providing actionable feedback to learners. University
grading systems typically use a 0-4 scale, which proves sufficient for most practical purposes. Moreover,
such precise measurements often fail to provide actionable feedback to examinees regarding specific
learning needs or improvement strategies.

Our exametrika package provides a new test data analysis method. In addition to classical test
data analysis methods, the package includes latent structure models such as latent class analysis,
latent rank analysis, biclustering, and Ranklustering, which combines rank-based ordering with
clustering. Furthermore, it provides network models to illustrate learning roadmaps, including the
Bayesian network model, locally independent latent rank model, locally independent biclustering, and
bicluster network model. We developed the exametrika package based on Shojima (2022)’s theoretical
framework in “Test Data Engineering”, originally designed for binary data analysis, with subsequent
extensions to support ordinal and nominal response formats as the models have evolved.

For latent structure models, research related to LRA includes Croon (1990)’s ordered latent class
analysis (LCA), modeling of performance level setting by Torres Irribarra et al. (2015), and research
on construct-level representation in psychometric models by Diakow et al. (2014). Moreover, diverse
theoretical approaches exist in the field of biclustering, such as the sparse singular value decomposition
approach by Lee et al. (2010), the probabilistic latent block model by Govaert and Nadif (2010), the
bipartite spectral graph partitioning method by Dhillon (2001), and biclustering models for ordinal
data by Matechou et al. (2016).

For network models, Bayesian networks have been widely applied across diverse fields, including
engineering, marketing, behavioral sciences, and cognitive psychology (Pearl, 1988; Jensen and Nielsen,
2007; Darwiche, 2009; Koski and Noble, 2009; Scutari and Denis, 2014). In educational measurement,
Almond et al. (2015) applied the model to assessment design, and Culbertson (2016) and Reichenberg
(2018) provided comprehensive reviews of its applications. Network models are particularly well-
suited for representing learning pathways that examinees should follow, and discovering these
pathways from test data holds significant educational value.
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The exametrika package integrates these methodological traditions into a unified system for
educational measurement. While all models in the package offer valuable analytical capabilities, the
Ranklustering model serves as the conceptual core, introducing an ordering constraint on examinee
clusters in the probabilistic biclustering framework. The package’s ordered clustering approach
and various visualization capabilities enable the provision of clear learning roadmaps for both test
administrators and examinees.

Beyond mere ability estimation and item analysis, the primary aim of this package is to provide
specific, actionable guidance on what each examinee should learn next. While traditional approaches
focus on measurement precision, exametrika prioritizes practicality in educational settings, offering
test administrators the ability to develop effective instructional strategies and examinees the opportu-
nity to understand their learning progress clearly. This approach transforms test assessment from a
mere evaluation tool into a powerful educational resource that promotes learning.

The remainder of this paper is organized as follows. Section 2 provides an overview of the
package’s capabilities and workflow. Section 3 presents the latent structure models in detail with R
code and examples. Section 4 describes the network models with practical demonstrations. Finally,
Section 5 offers a discussion of the package’s contributions and future directions.

2 Package overview

The exametrika package implements a comprehensive suite of statistical models for test data engi-
neering, supporting both exploratory and confirmatory approaches to educational test data analysis.
Additionally, several models accommodate not only binary test data but also polytomous response
formats. This section provides an overview of the package’s functions, organized into three major
categories: classical measurement methods, latent structure analysis models, and advanced network
approaches.

2.1 Available models

The package integrates classical psychometric approaches with modern latent structure analysis and
network models, as shown in Table 1.

Table 1: Main Analysis Models in exametrika

Category Model Main Function Data Types Primary Outputs

Classical Methods Classical Test Theory CTT() Binary Item statistics, reliability
Item Response Theory IRT() Binary Item parameters, ability estimates
Graded Response Model GRM() Ordinal Item parameters, ability estimates

Latent Structure Analysis Latent Class Analysis LCA() Binary, Ordinal, Nominal = Class membership, conditional probabilities
Latent Rank Analysis LRA() Binary, Ordinal, Rated Rank membership, item response profiles
Biclustering / Ranklustering Biclustering() Binary, Ordinal, Nominal Item & examinee clusters, response patterns

Advanced Network Models  Bayesian Network Model BNM() Binary Network structure, conditional dependencies
Latent Dependence LRA LD_LRA() Binary LRA with local dependencies
Local Dependence Biclustering  LDB() Binary Biclustering with local dependencies
Bicluster Network Model BINET() Binary Integrated biclustering + network

Classical methods include basic test and item statistics, along with CTT and IRT. Test statistics refer
to the distribution of total test scores, including mean, standard error, variance, standard deviation,
skewness, kurtosis, minimum, maximum, range, quartile deviation, IQR, and stanine scores. Item
statistics output pass rates, item odds, item thresholds, entropy, and item-total correlations. For CTT,
Cronbach’s alpha coefficient and McDonald’s omega coefficient are computed. The Dimensionality()
function outputs eigenvalues of the correlation matrix and scree plots to verify unidimensionality. IRT
implements logistic models, including 2-parameter, 3-parameter, and 4-parameter models. Estimated
item parameters, item-level fit indices, and overall test fit indices are output, and examinee ability pa-
rameters are estimated simultaneously. Furthermore, the plot () function can draw item characteristic
curves (ICC), test characteristic curves (TCC), and information functions (IIF, TIF). The GRM model
works similarly for ordinal data.

Latent structure analysis includes four models: latent class analysis (LCA), latent rank analysis
(LRA), biclustering, and Ranklustering. Unlike IRT, LCA does not estimate continuous examinee
parameters but classifies examinees into latent classes based solely on observed response patterns.
LRA extends LCA by assuming ordinality among the latent classes. Both models output expected
correct response rates for each class/rank as their primary output, allowing users to understand the
characteristics of each class/rank. Item-level model fit indices, overall test fit indices, and examinees’
class/rank membership probabilities are also available. Visualization of these results is possible with
the plot() function. Biclustering simultaneously clusters both examinees and items. Item clusters
are called fields, and examinee clusters are called classes. A model that assumes ordinality for classes
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is specifically called Ranklustering. The primary output is expected correct response rates for each
class/rank by field, allowing users to understand which class of examinees tends to score higher in
which field (item domain). It also reveals which fields an examinee at a given rank should strengthen
to advance to the next rank.

Network models represent the correlation structure among items as a network. Specifically,
connections between items are represented as a DAG (Directed Acyclic Graph), revealing influence
relationships among items. Based on the given network structure, conditional correct response rates
are estimated, and item-level fit indices and overall test fit indices are available. By analyzing these
conditional correct response rates by LRA rank or by Ranklustering field-rank combinations rather
than by individual items, learning pathways for each rank can be revealed. The BINET model, which
combines biclustering and network models, provides a learning roadmap showing which fields
examinees at each rank should strengthen to advance to higher ranks.

For latent structure analysis and advanced network models, the number of latent classes/ranks,
fields, or the DAG structure must be specified externally. However, auxiliary functions for exploring
these structures also exist, as shown in Table 2.

Table 2: Structure Exploration Tools

Category Function Description

Latent Structure Analysis GridSearch() Explore optimal class/rank and field numbers for LCA, LRA, Biclustering
Biclustering IRM()  Explore Ranklustering structure via Infinite Relational Model

Advanced Network Models BNM_GA() Learn BNM network structure via Genetic Algorithm
BNM_PBIL() Learn BNM network structure via PBIL
LDLRA_PBIL() Learn LD-LRA network structure via PBIL

All models output item-level and overall model fit indices through unified functions. From the
model likelihood, null model likelihood, and saturated model likelihood, model chi-square and null
model chi-square are calculated, which are then transformed to output NFI, RFI, IFI, TLI, CFI, RMSEA,
AIC, CAIC, and BIC. For latent structure models, the GridSearch() function exhaustively searches
for optimal numbers of ranks/classes and fields based on these fit indices. Ranklustering can also
search for the optimal number of ranks using the Infinite Relational Model via Biclustering_IRM().
For advanced network models, functions are provided to search for DAG structures based on genetic
algorithms. Using these auxiliary functions, users can find optimal model structures and perform more
accurate analyses. However, exploratory structure approaches often yield results that are difficult to
interpret in practice, and in the domain of educational test data, practitioners typically have some
prior knowledge about inter-item and inter-field structures. Therefore, it is recommended to construct
DAGs utilizing expert domain knowledge rather than relying solely on data-driven exploration.

2.2 Data preparation and workflow

The dataFormat () function serves as the primary data gateway for all analyses in exametrika. It takes
raw data matrices as input, validates the data, and produces a standardized exametrika class object.
The function signature is:

NULL, w = NULL,

dataFormat(data, na = NULL, id =1, Z =
= NULL)

response.type = NULL, CA

The na argument specifies values to treat as missing, id indicates the column containing examinee
IDs (default is 1), Z is an optional missing indicator matrix, and w is an item weight vector. The
response. type argument specifies the data type: “binary” for dichotomous responses, “ordinal”
for ordered polytomous data, “nominal” for unordered categories, or “rated” for polytomous data
with correct answers (requiring the CA argument). If response. type is NULL (default), the type is
automatically detected: data containing only 0/1 values is classified as binary, data with three or more
ordered categories as ordinal, and data with a CA specification as rated.

The function also handles labeling automatically. For examinee IDs, if the first column contains
character strings or factor values, it is treated as the ID column; otherwise, row names are used
if available, or sequential IDs (“Studentl”, “Student2”, ...) are generated. Item labels are taken
from column names, or generated as “Item1”, “Item2”, ... if not provided. For polytomous data,
category labels are preserved from factor levels if the input uses factors; otherwise, they are generated
automatically based on the observed values. Most models assume binary data, while latent structure
models (LCA, LRA, and Biclustering) accommodate polytomous responses.

Figure 1 presents the typical data analysis workflow. The workflow begins with raw data prepa-
ration using dataFormat (), which creates exametrika class objects. Users then select an appropriate
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Figure 1: Data analysis workflow in exametrika.

main analysis model based on their research questions. Optional structure exploration tools can
automatically discover optimal model parameters. The resulting analysis objects contain membership
probabilities, response profiles, and fit indices, which are visualized and interpreted to generate
learning roadmaps.

For visualization, the package inherits the base R plot () function, providing standard diagnostic
plots for every model. Standard graphical parameters can be supplied through the ... argument of
plot() and are forwarded consistently to all plot types, including to the manually drawn axes. Users
can therefore customize point symbols (pch), axis-label orientation (1as), text sizes (cex), colors, and
line types, and can override the default axis labels and titles. For example, plot(result.LRA, type
= "IRP", items = 1:4, nc = 2, nr = 2, las = 2, pch = 16) rotates the axis labels and changes
the plotting symbol. In addition, the package returns all the information needed for visualization
within its result objects, so users who prefer a ggplot2-based grammar can build fully custom plots;
the companion ggExametrika package, available on CRAN, provides ggplot2-based renderings of
these visualizations. This design keeps the computational core lightweight while still offering the
customization flexibility expected of base R graphics.
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3 Latent structure models

This section presents the latent structure models implemented in the exametrika package. These
models classify examinees into discrete ability groups rather than estimating continuous ability
parameters, providing more interpretable results for educational practice.

3.1 Latent class analysis and latent rank analysis
Model

Latent class analysis (LCA) and latent rank analysis (LRA) both handle examinee ability as discrete
classes. However, they differ significantly in their approach to ability scales: LCA handles ability as a
nominal scale, whereas LRA handles it as an ordinal scale. In LCA, classes have no inherent order and
represent different ability patterns. In contrast, LRA establishes a clear ordinal relationship between
classes (ranks), where higher ranks indicate higher ability levels.

We position LRA as a nonparametric IRT model because it does not define the relationship
between ability and response probability using specific mathematical functions (such as logistic or
normal distribution functions). Traditional IRT models estimate these functions” parameters (e.g.,
discrimination and difficulty), whereas LRA directly estimates the probability of correct responses
for items at each rank. This characteristic allows LRA to flexibly adapt to data characteristics without
requiring assumptions about specific functional forms.

This nonparametric nature has important practical implications. The extremely fine-grained
measurement provided by traditional IRT models” continuous ability scales may not always be
practical. For instance, in a 100-point test, it is uncommon to have precisely one examinee at each
possible score point. Similarly, with binary scoring, the observed response patterns typically do not
cover all possible combinations (the total number of possible patterns being 2 to the power of the
number of items). Fine-grained measurement on a continuous ability scale may lack substantive
meaning in such situations.

Such fine resolution is often unnecessary, particularly in diagnostic tests. Instead, it is important
to clearly indicate which items are achievable at each ability level and utilize this information as
a learning roadmap. Continuous scores can be inconvenient from the perspectives of feedback to
examinees and practical application in educational settings. LRA addresses these practical needs by
providing ordered ability levels, enabling more practical educational assessment.

Furthermore, LRA’s item reference profile (IRP) reveals the probability of correct responses for
each rank, providing concrete information about which items examinees at each ability level can
answer correctly. This approach offers a more intuitive understanding of learning achievement, rather
than only numerical scores. Test administrators can utilize these ordered ability levels to develop
teaching plans and provide specific learning advice to examinees.

Let us define the basic notations. Let | be the number of items, S be the number of examinees, and
R be the number of ranks. The observed data matrix U can be defined as follows:

U= {ugj}, uge{01},
where 1 represents the binary response of examinee s to item j (1 for correct, 0 for incorrect). We also
define a missing value indicator matrix Z of the same size as U:

Z={z;}, z;€{01},

where z;; = 1 indicates that the response of examinee s to item j is observed, and z;; = 0 indicates a
missing value.

The rank reference matrix Iy can be defined as follows:

711 0 TR

HR: ' ". . :{njr},

where each element 77;,(0 < 77;, < 1) represents the probability of correct response to item j at rank r.
The rank membership matrix My is defined as:
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myp - MR
msy - MGR

where each row m; represents the rank membership profile of examinee s, satisfying 1m;s = 1.

Given these definitions, the likelihood of the observed data is:

s ]

H(U|T) = HHIB[l { ()" (1- njr>1ﬂlsj}z5/

s=1j=1r=

The EM algorithm maximizes this likelihood to estimate the model parameters.

Algorithm
The algorithm involves three key matrices:

® Mpg: The rank membership matrix representing the probability of each examinee belonging to

each rank.
¢ F: The filter matrix that imposes ordinal structure through smoothing.
¢ S: The smoothed rank membership matrix, obtained by applying F to Mg.

The relationship between these matrices is defined as S = MgF.
The EM algorithm iteratively updates these matrices through the following cycle:

1. Initialization: Set initial values for Hg)).

2. Repeat until convergence:

(t)

¢ 2-1. E-step: Calculate the rank membership matrix M’ using the current parameter

estimates.
* 2-2. Smoothing: Obtain the smoothed rank membership matrix S${) by applying the filter

matrix F to Mg).
¢ 2-3. M-step: Update the rank reference matrix Hg) using ().
® 2-4. Ordering: For each item j, sort n](.t) to maintain the ordinal constraint.

The smoothing process is crucial for maintaining the ordinal structure of ranks. The filter matrix F
assigns weights primarily to the current rank and slightly to the L ranks before and after, ensuring
a stepwise progression. Our method constructs the filter matrix using a kernel of size 2L + 1 that
gradually decreases from the center f; to L ranks on both sides:

foo-o fL

foo fo Lt
F = T ,

fi - fo -

fio R
F=F" 0 {1g(13F")}

where @ represents element-wise division.

In this package, we used a kernel f of size L = 3, with its magnitude adjusted according to the
number of ranks as follows:

1.05—-0.05R (1 <R <5)
fo=14{1.00-004R (5< R <10)
0.80 —0.02R (10 < R < 20)
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These coefficient values are defined in Shojima (2022) based on practical experience and empirical
analysis rather than theoretical derivation. The smoothing strength is adjusted according to the
number of ranks: fewer ranks require stronger smoothing to maintain clear ordinal distinctions, while
more ranks benefit from weaker smoothing to allow finer differentiation between adjacent ranks.
Without this smoothing process, the model becomes latent class analysis due to the absence of ordinal
constraints.

(1)

In the M-step, we update ITy,". The rank reference matrix is updated as follows:

" 552 +p1—1

T =
Jr t t
St + 54} + B1 + o —2

(t)

Here, we assume a beta distribution B(fy, B1) as the prior distribution for ). Furthermore, S, ir

jr
and S(t.>

ojr are elements of the | x R matrices S; and Sy:

si) = zouys®, s’ ={zo@s1)- U)}' s

By default, the package uses B(By, 1) = (1,1), which corresponds to a uniform (noninformative)
prior distribution. This design choice reflects a deliberate philosophy: noninformative priors allow
data characteristics to speak for themselves without imposing external assumptions, supporting
exploratory analysis of test data patterns. With this default, the MAP estimate and MLE become
) _ S(f)/(s(f)

identical, yielding 7 ir 1r/ (Sojr + S%l) For users who wish to incorporate prior knowledge or
regularization, alternative priors can be specified via the betal and beta2 arguments in the LRA()

function.

The convergence criterion checks whether the change in expected log-likelihood is less than a
threshold value ¢ = 10~%.

Example

The exametrika package enables users to perform this analysis by specifying a test dataset and the
number of ranks. Here, we demonstrate an example using the binary sample data J155500. This
dataset has 15 items and 500 samples in binary format. The LRA function runs when users specify the
number of ranks.

The returned object contains the IRP, representing the relationship between items and ranks as the
transpose of IlR.

result.LRA <- LRA(J155500, nrank = 6)
result.LRAS$IRP

#> IRP1 IRP2 IRP3 IRP4 IRP5 IRP6
#> Item@1 ©.58505704 ©.63186539 0.7080067 0.7866549 0.8530561 0.8977529
#> Item@2 0.52472724 0.62904525 0.7554820 0.8454942 0.8829038 0.8750385
#> Item@3 0.61342178 0.60950806 0.7082092 0.7726317 0.8009246 0.8386955
#> Item@4 0.44061750 0.60725617 0.7937016 0.8821678 ©0.9394150 0.9763276
#> Item@5 0.64652323 0.74523579 0.8214571 0.8366280 0.8623113 0.9052983
#> Item@6 0.64708578 ©.77479139 0.9109422 0.9674623 0.9633072 0.9154799
#> Item@7 0.40904237 0.51767342 0.7204344 0.8402237 ©.8898201 0.9002571
#> Item@8 0.33751077 0.42924464 0.6023919 0.7134688 0.7346823 0.6979226
#> Item@9 ©.35228771 ©0.31985180 0.2977586 0.2822659 0.3773630 0.5419243
#> Item10 ©.49961957 ©.57931903 0.6861960 0.7290801 0.7166365 0.7531038
#> Item11 0.09580910 0.07930581 0.1357061 0.2856802 0.4723506 0.6172879
#> Item12 ©0.06478922 0.09822972 ©.1556541 0.2394945 0.4213656 0.6359273
#> Iteml13 0.29076602 0.48420870 0.7152043 0.7733618 ©0.7499489 0.7784993
#> Iteml14 0.48350628 0.59491451 0.7285399 0.8490429 0.9327099 0.9766344
#> Iteml15 ©.39812723 ©.57448159 0.7561590 0.8270643 0.8354638 0.8342372

The IRP (Item Reference Profile) is a rank x item matrix showing the expected probability of
correct response for each item at each rank. Each row represents a rank (from lowest to highest ability),
and each column represents an item. Values should increase monotonically from lower to higher
ranks, reflecting that higher-ability examinees are more likely to answer correctly. From the IRP, test
administrators can identify two key item characteristics: (1) the rank where an item'’s correct response
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Figure 2: IRP plots

probability is closest to 0.5 indicates the ability level at which the item is most informative (analogous
to the location parameter in IRT), and (2) the maximum change in correct response probability between
adjacent ranks indicates how well an item discriminates between ability levels (analogous to the
discrimination parameter in IRT).

Additionally, the package calculates the model’s fit indices using a saturated model where the
number of ranks equals the number of unique response patterns and a null model where all examinees
are assigned to a single rank.

result.LRA$TestFitIndices

#> model_log_like bench_log_like null_log_like model_Chi_sq null_Chi_sq model_df

#> 1 -3857.982 -3560.005 -4350.217 595.9544 1580.424 138.4909
#>  null_df NFI RFI IFI TLI CFI RMSEA AIC
#> 1 195 0.6229148 0.469051 0.6827429 0.5350704 0.6698025 0.0813612 318.9726
#> CAIC BIC

#> 1 -403.2032 -264.7123

We determined the appropriate number of ranks for the administered test by referring to these fit
indices. For each examinee, a rank membership profile (S) is also output, and the system identifies the
rank with the highest probability for each individual as an estimated value. The package presents the
ease of rank movement as rank-up and rank-down odds.

The plots provided by this package offer rich information for test administrators. The IRP plot
shows the expected correct response probability for each item across ranks as line graphs, which
should be monotonically increasing.

plot(result.LRA, type = "IRP", items = 1:4, nc = 2, nr = 2)

The RMP (Rank Membership Profile) represents each examinee’s probability of belonging to
each rank. For each examinee, the profile shows a probability distribution across all ranks, with
probabilities summing to 1. Examinees with probability concentrated in a single rank have clear ability
classification, while those with probability spread across adjacent ranks (e.g., ranks 3 and 4) are in
transitional stages between ability levels. The rank with the highest probability becomes the estimated
rank for that examinee.

plot(result.LRA, type = "RMP", students = 1:4, nc = 2, nr = 2)
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Figure 3: RMP plots

3.2 Biclustering and ranklustering

Model

LRA focuses on classifying examinees; however, certain cases exist where we prefer to classify items
from the test administrator’s perspective, such as by content area or difficulty level.

Biclustering is a method that simultaneously clusters the data matrix (examinees x items) in both
horizontal (examinees) and vertical (items) directions. Examinees are classified into latent classes
(nominal clusters), whereas items are classified into latent fields (nominal clusters). LCA performs
one-way clustering of examinees, latent field analysis performs one-way clustering of items, whereas
biclustering performs two-way simultaneous clustering (two-mode clustering).

In biclustering, examinees are classified into latent classes (nominal clusters). However, applying a
filter matrix similar to LRA to this class membership profile can transform them into latent ranks with
an ordinal structure. This method is called “Ranklustering,” a term that reflects its unique approach to
rank-based clustering. Ranklustering can be achieved by simply adding one step of smoothing the
class membership profile to the biclustering estimation procedure.

To formalize the biclustering model, let C be the number of latent classes/ranks and F be the
number of latent fields. The bicluster reference matrix Ilp is defined as follows:

1 -+ TUF
S I B
7Tcy -+ TICF

where each element 77 represents the probability of correct responses from examinees in class/rank ¢
to items in field f.

The class membership matrix M and field membership matrix Mr are defined as follows:

myp - MyC myp o - MAF
Mc = , M= :
mgy - MgC mjp - MyF

For ranklustering, the rank membership matrix My is obtained by filtering the class membership
matrix: Mg = McF.

The likelihood function is:

S J] F C <M
1V | 11) = TTITTTTT (0 gy =)™
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Algorithm

The biclustering algorithm uses the EM algorithm to estimate three key matrices. The estimation
procedure proceeds as follows:

1. Initialization: Set initial values for M%O) and I'Ig))
2. Iteration:
¢ E-step: Estimate M(Ct) from U, Hg_l), and Mg_l)
¢ Smoothing: For ranklustering, transform M<Ct) into Mg) = Mg 'F
¢ E-step: Estimate Mg) from U, Hg_l), and Mg)
® M-step: Estimate Hg> from U, Mg>, and Ml(f)
¢ Check convergence criterion

The E-step calculates class membership probability for examinee s:

- e

© y$_ 1 (us \ 71'5, ) TTe

where 71, represents the prior distribution (uniform in the package). Similarly, field membership
probability for item j:

T Gl L
if Z?le (u]- | n(tfl)> Tp

In the M-step, we update 77 using a beta distribution as the conjugate prior:

(t)
" Lllfc+/31—1
e = 70 0
uofc+u1fc+,30+,31*2

Because we set B(Bo, B1) = (1,1) as the prior distribution, MAP and MLE become identical. Users
can specify alternative priors via the betal and beta2 arguments. The convergence criterion is that
the change in expected log-likelihood be less than ¢ = 10~*.

For further details on the mathematical formulation and implementation, see Shojima (2022).

Example

The exametrika package enables users to perform biclustering with minimal specification. We only
need to specify the data, the number of fields, and the number of classes. By setting the method
argument to R, ranklustering is performed; by setting it to B, standard biclustering is performed.

result.Ranklustering <- Biclustering(J35S515, nfld = 5, ncls = 6, method = "R")

The array plot is an important tool for visually evaluating the results. In this plot, correct responses
(1) are displayed in black and incorrect responses (0) in white. The left panel shows the original
response data, while the right panel shows the data reorganized by ranklustering.

plot(result.Ranklustering, type = "Array")

In the right panel, examinees are sorted by estimated rank (lower ranks at the top, higher ranks
at the bottom) and items are arranged by estimated field. The ordinal structure of ranks is visually
confirmed by the decreasing black areas from bottom to top, and the field arrangement reveals
difficulty differences across fields.

result.Ranklustering$TestFitIndices

#> model_log_like bench_log_like null_log_like model_Chi_sq null_Chi_sq model_df
#> 1 -7273.063 -5891.314 -9862.114 2763.498 7941.601 1166.164
#> null_df NFI RFI IFI TLI CFI RMSEA AIC
#> 1 1155 0.6520226 ©.6553538 0.7642464 0.7668873 0.7646342 0.05162221 431.1703
#> CAIC BIC
#> 1 -5684.386 -4518.223
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Original Data Clustered Data

Figure 4: Array plot comparing original response patterns (left) and reorganized patterns after
ranklustering (right). Black cells indicate correct responses and white cells indicate incorrect responses.

IIp represents the biclustering result and is output as the field-rank profile (FRP), which shows the
correspondence between fields and ranks. The FRP is a rank x field matrix where each cell value 7t¢,
represents the expected probability that an examinee belonging to rank ¢ will correctly answer items
belonging to field f. When examined row-wise (by rank), a pattern of increasing correct response rates
as ranks rise confirms that the ordinal structure is functioning properly. When examined column-wise
(by field), differences in difficulty across fields become apparent—for example, if a particular field
shows low correct response rates across all ranks, this indicates that the field consists of generally
difficult items. Test administrators can use the FRP to make interpretations such as “examinees at rank
3 have nearly mastered fields 1 and 2, but fields 4 and 5 remain challenging,” forming the foundation
for creating learning roadmaps.

result.Ranklustering$FRP

#> Rank1 Rank?2 Rank3 Rank4 Rank5 Rank6
#> Fieldl ©.64951141 0.79197342 0.88093148 ©0.9140316 ©.9381373 0.9701273
#> Field2 0.09362918 0.27752126 0.61746787 ©.9036746 0.9835653 ©0.9979939
#> Field3 0.22472428 0.32079306 0.44027355 ©0.6163989 0.7507110 0.8988009
#> Field4 0.10394873 0.18598451 0.28100007 0.3614656 0.6030432 0.8411943
#> Field5 0.03293073 0.05469207 0.09344104 ©.1298351 0.2618470 0.5980969

The field membership matrix Mp shows the relationship between items and fields. This is an
item X field probability matrix indicating how likely each item belongs to each field. For each row
(item), the field with the highest probability becomes that item’s estimated field assignment. Items
with probability concentrated in a single field have clear membership, while items with probability
distributed across multiple fields have boundary characteristics and may relate to multiple content
areas. Test administrators can reference the FieldMembership to confirm item groupings and assign

meaningful names to fields based on domain knowledge (e.g., “basic calculations,” “applied problems,”
“word problems”), enabling specific feedback to examinees.
result.Ranklustering$FieldMembership

#> Field1 Field2 Field3 Field4 Field5
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#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>

Item@1
Item@2
Itemo3
Ttemo4
Item@5
Itemo6
Itemo@7
Item@8
Item@9
Ttem10
Item11
Item12
Ttem13
Item14
Item15
Ttem16
Item17
Item18
Item19
Item20
Item21
Item22
Item23
Item24
Item25
Item26
Item27
Item28
Item29
Item30
Item31
Item32
Item33
Item34
Item35

By combining the FRP and FieldMembership information, test administrators can create a can-do
chart showing “which areas and items need to be mastered to advance to the next rank,” providing
learners with a concrete roadmap for learning. When we output the rank membership matrix S
for examinees, the rank-up odds and rank-down odds are also provided, indicating how close each

1.000000e+00 2.288832e-86 5.706565e-83
7.749584e-123 7.678734e-34 4.502569e-03
1.124141e-90 6.575315e-41 1.000000e+00
2.959054e-177 2.415474e-81 3.602966e-19
4.544645e-208 5.303588e-111 1.309392e-28
2.888383e-232 2.320900e-132 3.903128e-38
6.756857e-40 2.189049e-40 1.000000e+00
1.392498e-142 1.206256e-108 5.383242e-09
1.936847e-121 4.171067e-67 2.413280e-02
7.597617e-142 1.803765e-85 6.852640e-09
8.692776e-96 1.000000e+00 2.833556e-10
6.561729e-156 1.891926e-59 4.591764e-12
2.746779e-217 1.535184e-121 6.388788e-31
1.846552e-312 2.006191e-210 5.068314e-81
0.000000e+00 5.660785e-252 4.334981e-99
1.683654e-234 8.377009e-131 1.770654e-38
6.259979e-193 6.735073e-109 1.800244e-23
0.000000e+00 2.808356e-303 2.383790e-116
0.000000e+00 6.688295e-300 1.702523e-114
0.000000e+00 1.055875e-296 1.366911e-113
1.254745e-52 1.000000e+00 1.394255e-31
1.147398e-63 1.000000e+00 2.856247e-29
1.043217e-49 1.000000e+00 1.176340e-19
3.387781e-69 1.000000e+00 3.323447e-24
2.295422e-101 1.000000e+00 1.008429e-21
2.532972e-115 1.000000e+00 3.360541e-17
5.079939e-115 1.457272e-08 9.994785e-01
1.395343e-229 5.851348e-109 1.235318e-34
1.923332e-222 2.552749%e-122 2.118045e-32
0.000000e+00 6.880478e-264 7.518294e-99
1.000000e+00 7.607062e-77 6.876091e-66
1.000000e+00 3.763630e-90 7.260497e-65
4.213879e-98 3.789204e-72 1.000000e+00
1.121011e-213 1.034039%e-171 3.812205e-31
9.250487e-280 3.735999e-217 1.772960e-65

examinee is to advancing or declining in rank.

head(result.Ranklustering$Students)

#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>
#>

2.091043e-165
.954974e-01
.767645e-11
.000000e+00
.999999¢e-01
.703468e-04
.920375e-33
.000000e+00
.758672e-01
.000000e+00
.163245e-23
.000000e+00
.974116e-01
.012586e-32
.988673e-44
.176466e-04
.000000e+00
.265126e-55
.206307e-54
.864649e-54
.281997e-70
.567723e-63
.392666e-56
.656098e-55
.659872e-39
.719020e-28
.214970e-04
.707549e-02
.728950e-01
.398740e-44
1.708284e-141
1.088366e-139

2.827306e-08

9.368479%e-02

2.911130e-23

NN = OO N P W—="O0ONON= = =00 O—= = = O-=0U0NO-= O

Membership 1 Membership 2 Membership 3 Membership 4
Student@@1 7.306275e-01 2.676161e-01 0.001756384 2.530204e-08
Student@@2 1.013677e-11 1.822511e-06 0.007688111 3.203504e-01
Student@@3 6.132982e-01 3.822317e-01 0.004470062 9.297209e-08
Student@04 4.105535e-05 2.965646e-02 0.756516510 2.134293e-01
Student@@5 7.582381e-01 2.400191e-01 0.001742819 3.503843e-08
Student@06 2.567149e-01 6.901288e-01 0.053138690 1.764034e-05

Membership 6 Estimate Rank-Up Odds Rank-Down Odds
Student@@1 1.370827e-28 1 0.3662826041 NA
Student0@2 2.662291e-04 5 0.0003963551 0.47692958
Student@@3 5.044221e-27 1 0.6232395801 NA
Student@04 2.677414e-11 3 0.2821211892 0.03920134
Student@@5 3.675098e-29 1 0.3165484318 NA
Student006 9.433808e-24 2 0.0769982206 0.37198109
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.000000e+00
.965152e-51
.471920e-80
.255540e-23
.276257e-08
.997297e-01
2.217949e-135
.034326e-36
.765915e-49
.816190e-38
.575095e-99
.419090e-35
.588399¢e-03
.000000e+00
.000000e+00
.998824e-01
.036304e-14
.000000e+00
.000000e+00
.000000e+00
3.228828e-188
4.205833e-172
5.231867e-169
4.950092e-158
1.375879e-119

1.144821e-96

1.167602e-60

9.829245e-01

7.271050e-01

1.000000e+00
5.869369e-315
2.603302e-311

3.418544e-70

9.063152e-01

1.000000e+00

O W = WU

—_a a a0 = =N = DN DN

Membership 5
.959856e-16
.716934e-01
848836e-15
.566324e-04
.617900e-16
.055875e-12
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4 Advanced network models

4.1 Model

The probability that an examinee who correctly answers item A will also correctly answer item B can
be expressed as a conditional probability. By arranging items in order of their pass rates, the learning
pathway becomes visible. Bayesian network models, which represent these conditional probabilities
as directed acyclic graphs (DAGs), can be applied to test data analysis.

The exametrika package implements several network-based models with different structural
assumptions. The basic Bayesian Network Model (BNM) represents conditional probabilities be-
tween items in a network format; given an externally specified DAG structure, the model estimates
conditional correct response rates based on the graph.

Building on this foundation, Latent Dependence LRA (LD-LRA) and Local Dependence Bicluster-
ing (LDB) combine latent structure analysis with Bayesian network modeling. In these models, nodes
represent items, and a separate network structure is specified for each latent rank—reflecting the
idea that item dependencies may differ across developmental stages. For example, in early learning
stages, mastering one concept may have strong dependencies on other foundational concepts, while in
advanced stages, items may become more independent as learners have integrated the material.

The Bicluster Network Model (BINET) takes a fundamentally different approach: instead of items
as nodes, BINET uses latent classes (ranks) as nodes. The network structure is specified for each field
(locus), representing how examinees transition between latent classes within content areas. BINET
requires two inputs: (1) a field configuration vector (conf) specifying which field each item belongs to,
and (2) an adjacency file or list defining parent-child relationships among classes at each field. This
configuration is typically provided via a CSV file containing three columns: parent class, child class,
and the field where the relationship holds.

These network models involve complex structures, and at present they support only binary data
(extension to polytomous data remains a future development goal). The package documentation
(Kosugi, 2023) provides detailed examples for LD-LRA, LDB, and BINET, including sample adjacency
file formats. This paper presents only a basic example of BNM execution; readers interested in the

more advanced models are referred to Shojima (2022) and the package documentation.

4.2 Example

The following example demonstrates BNM execution using the sample data 75510, which contains 5
items and 10 examinees.

First, we define the DAG structure as an edge list specifying parent-child relationships between
items. In this example, Item01 is the root node, Item02 has Item01 as its parent, Items 03 and 04 each
have Item(2 as their parent, and Item05 has both Item03 and Item04 as parents.

From these node relationships, we construct the Parent Item Response Pattern (PIRP). The PIRP
represents all possible combinations of parent node responses. For an item with k parent nodes, there
are 2F possible patterns. In this example, Item01 is the root with no parents (1 pattern), Items 02, 03,
and 04 each have one parent (2 patterns each), and Item05 has two parents (4 patterns).

DAG <- matrix(c("Item@1"”, "Item@2",

"Item@2", "Item@3”,

"Item@2", "Item@4",

"Item@3", "Item@5",

"Item@4", "Item@5"), ncol = 2, byrow = TRUE)
g <- igraph::graph_from_data_frame(DAG)
adj_mat <- as.matrix(igraph::get.adjacency(g))

The code above constructs the DAG structure using the igraph package. The edge list is defined
as a matrix specifying parent-child pairs, then converted to a graph object and finally to an adjacency
matrix. Alternatively, the DAG structure can be read from a CSV file containing the edge list, which is
convenient for larger networks.

With the adjacency matrix defined, we can now fit the Bayesian Network Model:

result.BNM <- BNM(J5S510, adj_matrix = adj_mat)
result.BNM

#> Adjacency Matrix
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#> Item@1 Item@2 Item@d3 Item@4 Itemd5
#> Item@1 0 1 0 0 0
#> Item@2 0 Q 1 1 0
#> Item@3 %} Q 0 Q 1
#> Itemo4 0 Q 0 0 1
#> Item@5 0 0 0 Q 0

#> [1] "Your graph is an acyclic graph.”
#> [1] "Your graph is connected DAG."

It§mo4 1t€m05

1t€fHo2 1t§mo1 1tm0:

#>
#> Parameter Learning
#> PIRP 1 PIRP 2 PIRP 3 PIRP 4

#> Itemd1 0.600

#> Item@2 0.250 0.5

#> Item@3 0.833 1.0

#> Itemd4 0.167 0.5

#> Itemd5 0.000 NaN ©.333 0.667
#>

#> Conditional Correct Response Rate

#> Child Item N of Parents Parent Items PIRP Conditional CRR
#> 1 Itemo1 Q No Parents No Pattern 0.600
#> 2 Item@2 1 Item@1 Q 0.250
#> 3 Item@2 1 Itemo@1l 1 0.500
#> 4 Item03 1 Item@2 0 0.833
#> 5 Item03 1 Item@2 1 1.000
#> 6 Itemo4 1 Item@2 [ 0.167
#> 7 Itemo4 1 Item@2 1 0.500
#> 8 Item@5 2 Item@3, Itemo4 00 0.000
#> 9 Item@5 2 Itemo3, Itemo4 Q1 NA
#> 10 Item@5 2 Item@3, Itemo4 10 0.333
#> 11 Item@5 2 Item@3, Itemo4 11 0.667
#>

#> Model Fit Indices

#> value

#> model_log_like -27.046
#> bench_log_like -8.935
#> null_log_like -28.882
#> model_Chi_sq 36.222
#> null_Chi_sq 39.894

#> model_df 20.000
#> null_df 25.000
#> NFI 0.092
#> RFI 0.000
#> IFI 0.185
#> TLI 0.000
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#> CFI 0.000
#> RMSEA 0.300
#> AIC -3.778
#> CAIC -29.829
#> BIC -9.829

The output shows conditional correct response rates calculated from the data. The section labeled
“Conditional Correct Response Rate” displays these probabilities for each item given the response
patterns of its parent nodes. Item01, as the root node with no parents, simply shows its marginal pass
rate. Item02 has Item01 as its parent, showing conditional pass rates of 0.25 when Item01 is answered
correctly and 0.50 when Item01 is answered incorrectly. Similarly, Item05 has two parent nodes (Item03
and Item04), and its conditional pass rates vary by the four possible parent response patterns: 0.00
when both parents are incorrect (00), NA when the pattern 01 does not exist in the data, 0.33 when the
pattern is 10, and 0.67 when both parents are correct (11). The “Parameter Learning” and “Conditional
Correct Response Rate” sections contain the same information, with the latter providing more detailed
output.

Below the conditional probabilities, model fit indices are displayed, allowing evaluation of how
well the specified network structure fits the observed data.

4.3 Exploratory learning of network structures

These models require the network structure between items to be specified externally, but it is also pos-
sible to discover structures exploratively from the data. However, searching all possible combinations
of adjacency matrices causes exponential combinatorial explosion as the number of items increases.
In test theory, item pass rates flow from higher to lower, so items can be arranged by pass rate order
to construct a Directed Acyclic Graph (DAG). This allows only the upper triangular portion of the
item-by-item adjacency matrix to be the estimation target, significantly reducing the search space.

The BNM_GA() function shown in Table 2 uses a genetic algorithm to learn network structures.
Additionally, BNM_PBIL() uses the Population-Based Incremental Learning (PBIL) method (Baluja,
1994; Fukuda et al., 2014). In PBIL, multiple realizations of adjacency matrices (with elements of 0 or 1)
are first generated randomly from a generational Gene (an adjacency matrix with values between 0 and
1). The model is executed for each realization, and they are ranked based on fitness indices. Similar to
genetic algorithms, selection is performed and the generational Gene is updated. By repeating this
process, an adjacency matrix Gene that survives across generations is obtained. The final adjacency
matrix is determined by rounding the Gene values or similar methods.

However, as with biclustering and ranklustering, it is often more practical and meaningful for test
administrators to explicitly specify models based on domain knowledge rather than relying solely on
exploratory analysis using fitness indices.

5 Discussion

This article presents the exametrika package, which is specifically designed for educational test
data analysis, providing valuable information for both test administrators and examinees. A key
design philosophy of the package is the recognition that continuous and highly precise numerical
measurements are not always necessary or even desirable in educational settings. While IRT provides
ability estimates with many decimal places, such precision rarely translates into actionable educational
guidance. Teachers and learners benefit more from knowing which learning stage an examinee has
reached and what steps are needed to advance to the next stage. The latent structure models in
exametrika are designed to meet this need. In practice, when analyzing test data, even large-scale
tests typically require only a dozen or so classes/ranks for adequate model fit. The resolution of
examinees achievable through testing—at least from the perspective of statistical fit—is of this order,
and practically speaking, there are few situations requiring finer granularity.

Item classification is also an important concern in educational tests and psychological scales.
Many tests and scales are designed to measure multiple subdomains, and understanding how items
group together is crucial for evaluating test structure and validity. In exametrika, biclustering and
ranklustering models address this need by simultaneously classifying both items and examinees,
providing insights into the content structure of the test and examinees’ ability profiles. The Field
Reference Profile provided by these models—representing expected correct response rates for each
class/rank within each field—offers concrete information about which content areas examinees have
mastered and which require further study, enabling the construction of practical learning roadmaps.
These models also provide field membership probabilities and class/rank membership probabilities,
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indicating the degree to which each item belongs to each field and each examinee belongs to each
class/rank. Visualizing these probabilities reveals whether examinees are clearly classified into
specific classes/ranks or span multiple categories. Of course, this can also be expressed numerically
through rank-up and rank-down odds, providing feedback that is understandable and valuable for
examinees. For test administrators, examining how items decompose into fields provides information
for evaluating the content structure of the test and revising it as needed. While the default approach
performs exploratory item clustering, confirmatory biclustering and ranklustering are also available
when item groupings are known in advance.

Furthermore, exametrika provides a flexible and interpretable analytical approach to test data
through Bayesian network models (BNM, BINET). These models can capture complex dependencies
among examinee response patterns, offering insights into latent structures inherent in test data. Unlike
traditional latent variable models, BNM and BINET focus on relationships among observed variables,
providing a new perspective for test data analysis. These models help examinees understand their
response patterns and provide learning roadmaps, while giving test administrators information useful
for designing educational steps. LD-LRA and LDB, which construct rank-specific network models,
can capture different network structures based on examinees’ ability ranks, providing powerful tools
for understanding relationships among items at different ability levels; these structures can also be
learned exploratively using genetic algorithms. BINET provides an overall learning course for the test
set, showing which fields students at a given rank should study to advance to higher ranks. In this
way, the Bayesian network models in exametrika provide a flexible and interpretable approach to test
data analysis, offering valuable insights to both examinees and test administrators.

The extension of exametrika to polytomous data types opens significant possibilities beyond
traditional educational testing. For ordinal data such as Likert scales commonly used in psychological
measurement, the package offers an alternative analytical framework that does not rely on factor-
analytic assumptions. Recent discussions in psychological measurement, led by Borsboom (2005), have
raised fundamental questions about whether latent factors represent substantive psychological entities
or are merely statistical summaries. Traditional psychometric models assume that observed responses
are caused by underlying latent traits, but this causal interpretation remains contentious for many
psychological constructs. The clustering approach in exametrika sidesteps this debate entirely—it
classifies response patterns and item groupings without making claims about underlying psychological
processes. This descriptive, pattern-based approach may prove valuable for scale development and
validation, particularly when the existence of continuous latent traits is questionable. Furthermore, the
network-based models in exametrika (BNM, BINET) align with the growing interest in psychological
network analysis (Borsboom, 2005; Hood, 2009; Marsman et al., 2018), which focuses on relationships
among observed variables rather than latent constructs.

While exametrika offers flexible, data-driven analytical tools, users should be mindful of certain
operational considerations. The nonparametric nature of many models in the package means they are
highly adaptive to the specific dataset at hand, which can be both a strength and a limitation. Models
optimized for one dataset may not generalize well to new samples, particularly when sample sizes are
small. Domain knowledge plays a crucial role in obtaining meaningful results—rather than relying
solely on exploratory structure learning algorithms (such as GA or PBIL for network discovery),
practitioners should consider specifying models based on theoretical understanding of the content
domain. When designing tests or scales intended for analysis with exametrika, it is beneficial to plan
the item structure in advance, considering how items group into fields and how response patterns
should reflect developmental stages. The package’s emphasis on providing interpretable feedback
to examinees represents a distinctive advantage over purely statistical approaches; the outputs are
designed not just for researchers but for practical educational application. Readers interested in
technical details are encouraged to consult Shojima (2022) and the package website (Kosugi, 2023),
which includes comprehensive documentation and example analyses.

6 Conclusion

The exametrika package represents a significant advancement in educational test data analysis by pro-
viding a comprehensive framework that surpasses traditional approaches. By focusing on meaningful
learning roadmaps rather than precise numerical measurements, the package offers practical insights
for test administrators and examinees. Integrating LRA, biclustering, and the Bayesian network model
provides a flexible and interpretable approach to analyzing test data. In contrast, extending nominal
and ordinal data types opens new possibilities for psychological measurement.

The package’s emphasis on ordered clustering and its rich visualization capabilities make it
particularly valuable for educational practice. Providing clear learning pathways and diagnostic
information helps bridge the gap between test results and actionable educational interventions. As
educational measurement continues to evolve, the exametrika package offers a promising direction
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for rendering test data analysis more meaningful and valuable in real educational settings.
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