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CACE for a single trial with noncompliance

According to Zhou et al. (2019), each observed nrto has a corresponding probability that can
be written in terms of parameters defined in β = (πa, πn, u1, v1, s1, b1). λ = Pr(Rj = 1) is the
proportion of assigning the active treatment, which is usually known in randomized trials.
Thus the vector (n000, n001, n010, n011, n100, n101, n110, n111) follows a multinomial distribution
with parameters N and p, where N = ∑ nrto and the elements of p are listed in Table 1.

Table 1: Observed data and probabilities

Observed Probabilities
n000 (1 − λ){πc(1 − v1) + πn(1 − s1)}
n001 (1 − λ)(πcv1 + πns1)
n010 (1 − λ)πa(1 − b1)
n011 (1 − λ)πab1
n100 λπn(1 − s1)
n101 λπns1
n110 λ{πc(1 − u1) + πa(1 − b1)}
n111 λ(πcu1 + πab1)

Therefore, the log likelihood is

log L(β) =n000 log{πc(1 − v1) + πn(1 − s1)}+ n001 log(πcv1 + πns1) + n010 log{πa(1 − b1)}
+ n011 log{πab1}+ n100 log{πn(1 − s1)}+ n101 log(πns1)

+ n110 log{(πc(1 − u1) + πa(1 − b1)}+ n111 log(πcu1 + πab1) + constant.
(1)

Assigning a vague prior distribution f (β) to the parameters β = (πa, πn, u1, v1, s1, b1),
by Bayes’ theorem the joint posterior distribution is proportional to L(β) f (β). Functionals
of the posterior distribution can be estimated by Gibbs and Metropolis–Hastings sampling
algorithms using the software JAGS via the rjags package in R.

CACE for meta-analysis with incomplete compliance information

Table 2: Observed data and probabilities in study i

Observed Probabilities
ni000 (1 − λi){πic(1 − vi1) + πin(1 − si1)}
ni001 (1 − λi)(πicvi1 + πinsi1)
ni010 (1 − λi)πia(1 − bi1)
ni011 (1 − λi)πiabi1
ni100 λiπin(1 − si1)
ni101 λiπinsi1
ni110 λi{(πic(1 − ui1) + πia(1 − bi1)}
ni111 λi(πicui1 + πiabi1)
ni0∗0 (1 − λi){πic(1 − vi1) + πin(1 − si1) + πia(1 − bi1)}
ni0∗1 (1 − λi)(πicvi1 + πinsi1 + πiabi1)
ni1∗0 λi{(πic(1 − ui1) + πia(1 − bi1) + πin(1 − si1)}
ni1∗1 λi(πicui1 + πiabi1 + πinsi1)

Table 2 shows the relation between each observed count and the corresponding prob-
ability, which is a function of the parameters defined in the complete-compliance CACE
section of the main paper. As before, λi is the known allocation ratio for study i, i.e.,
λi = Pr(Rij = 1).
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The log likelihood contribution for trial i is obtained from the multinomial distribution:

log Li(βi)

=ni000 log{πic(1 − vi1) + πin(1 − si1)}+ ni001 log(πicvi1 + πinsi1)

+ni010 log{πiia(1 − bi1)}+ ni011 log(πiabi1) + ni100 log{πin(1 − si1)}
+ni101 log(πinsi1) + ni110 log{(πic(1 − ui1) + πia(1 − bi1)}+ ni111 log(πicui1 + πiabi1)

+ni0∗0 log{πic(1 − vi1) + πin(1 − si1) + πia(1 − bi1)}+ ni0∗1 log(πicvi1 + πinsi1 + πiabi1)

+ni1∗0 log{(πic(1 − ui1) + πia(1 − bi1) + πin(1 − si1)}+ ni1∗1 log(πicui1 + πiabi1 + πinsi1)

(2)

Because the parameters βi = (πia, πin, si1, bi1, ui1, vi1) are the same as in the complete-
compliance case, the estimation process is also the same: assign distributions f (βi|β0, Σ0),
where β0 is the vector of mean hyper-parameters, and Σ0 is the covariance matrix; then
specify prior distributions for f (β0) and f (Σ0), so the joint posterior is proportional to
∏i Li(βi) f (βi|β0, Σ0) f (β0) f (Σ0). Similarly, the CACE for this meta-analysis incorporat-
ing incomplete compliance data is θCACE = E(θCACE

i ) = E(ui1)− E(vi1) = Φ( αu√
1+σ2

u
)−

Φ( αv√
1+σ2

v
) if the probit link function is used for ui1 and vi1.
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